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LEIBNIZ COHOMOLOGY AND CONNECTIONS ON
DIFFERENTIABLE MANIFOLDS
JERRY M. LODDER
Abstract. We show how an affine connection on a Riemannian manifold occurs
naturally as a cochain in the complex for Leibniz cohomology of vector fields with
coefficients in the adjoint representation. The Leibniz coboundary of the Levi-Civita
connection can be expressed as a sum of two terms, one the Laplace-Beltrami oper-
ator and the other a Ricci curvature term. As an example of the cohomology classes
obtained, we compute the Leibniz cohomology with adjoint coefficients for a certain
family of vector fields on Euclidean Rn corresponding to the affine orthogonal Lie
algebra, n ≥ 3.
MSC Classification: 17A32, 53B05.
Key Words: Leibniz Cohomology, Levi-Civita Connection, Laplace Operator, Affine
Orthogonal Lie Algebra.
1. Introduction
We study Leibniz cohomology, HL∗, of a Lie algebra g with coefficients in its ad-
joint representation, writtenHL∗(g; g), as a setting for capturing an affine connection
[3, Chapter 2] as a cochain in the Leibniz complex CL∗(g; g) = HomR(g
⊗∗, g). More
specifically, let M be a (real) differentiable manifold and C∞(M) the ring of real-
valued differentiable functions on M . Let χ(M) be the Lie algebra of differentiable
vector fields on M . An affine connection ∇ on M is an R-linear map
∇ : χ(M)⊗
R
χ(M)→ χ(M)
that is C∞(M)-linear in the first (left) tensor factor, but a derivation on C∞(M)
functions in the second (right) tensor factor. ForX , Y ∈ χ(M), we write∇(X⊗Y ) =
∇X(Y ). For f ∈ C
∞(M), we have
(1.1) ∇X(fY ) = X(f) Y + f ∇X(Y ).
The failure of ∇ to be C∞(M) linear in its second χ(M) factor precludes ∇ from
being a two-tensor. In § 2 we interpret δ∇, the Leibniz coboundary of ∇, in terms
of the Laplace-Beltrami operator and the curvature operator R : χ(M)⊗3 → χ(M).
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Leibniz cohomology with coefficients in the adjoint representation for semi-simple
Leibniz algebras has been studied in [6], while HL∗(L; L) has been used to study
deformation theory in the category of Leibniz algebras [4], [5]. Recall that a (right)
Leibniz algebra L over a commutative ring k is a k-module equipped with a bilinear
bracket [ , ] : L× L→ L satisfying a product rule from the right:
[[x, y], z] = [[x, z], y] + [x, [y, z]], ∀ x, y, z ∈ L.
Leibniz algebras were calledD-algebras by Bloh [2] and later rediscovered and studied
extensively by Loday [9, 10.6.1].
Although HL∗(χ(M); χ(M)) is difficult to compute completely for an arbitrary
differentiable manifoldM , we offer a calculation ofHL∗(hn; hn), where hn is a certain
family of vector fields on Rn isomorphic to the affine orthogonal Lie algebra, n ≥ 3.
Consider the standard coordinates on Rn given by (x1, x2, . . . , xn) with unit vector
fields ∂
∂xi
parallel to the xi axes. Let αij = xi
∂
∂xj
−xj
∂
∂xi
. Then {αij}, 1 ≤ i < j ≤ n,
is a vector space basis for a Lie algebra isomorphic to so(n). Let Jn be the R vector
space spanned by { ∂
∂xi
}, i = 1, 2, . . . , n. Then Jn is an Abelian Lie algebra. Let hn
be the Lie algebra with basis given by the union of {αij}, 1 ≤ i < j ≤ n, and {
∂
∂xi
},
i = 1, 2, . . . , n. Then Jn is an ideal of hn and there is a short exact sequence of Lie
algebras
0 −→ Jn −→ hn −→ so(n) −→ 0
with hn/Jn ≃ so(n). We use results from invariant theory [1], where HL
∗(hn; R) is
computed, to help in the calculation of HL∗(hn; hn). In low dimensions HL
1(hn; hn)
and HL2(hn; hn) are generated by a “metric class” I : hn → hn and an “area class”
ρ : h⊗2n → hn respectively, where
I
( ∂
∂xi
)
=
∂
∂xi
, I(αij) = 0,
ρ
( ∂
∂xi
⊗
∂
∂xj
)
= αij , ρ(g1 ⊗ g2) = 0 if gi ∈ so(n) .
Higher dimensions of HL∗(hn; hn) contain echoes of these classes against a tensor
algebra. Let α∗ij be the dual of αij with respect to the basis {αij} ∪ {
∂
∂xi
} of hn, and
let dxi be the dual of ∂
∂xi
. Let
γ∗n =
∑
1≤i<j≤n
(−1)i+j−1α∗ij ⊗ dx
1 ∧ dx2 ∧ . . . d̂xi . . . d̂xj . . . ∧ dxn .
The element γ∗n : hn⊗J
∧(n−2)
n → R may be viewed as a factored volume form, which
by skew-symmetry extends to hn ⊗ h
⊗(n−2)
n → R. In § 5 we prove that
HL∗(hn; hn) ≃ 〈I, ρ〉 ⊗ T (γ
∗
n),
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where 〈I, ρ〉 is the real vector space with basis {I, ρ} and T (γ∗n) :=
∑
q≥0〈γ
∗
n〉
⊗q is
the tensor algebra on the class of γ∗n.
Since the bracket of a Lie algebra g is skew-symmetric, there is more flexibility in
stating the cochain complex yielding HL∗(g; g) than for a Leibniz algebra [10]. Let
CLn(g; g) = Homk(g
⊗n, g), n ≥ 0,
where g is a Lie algebra over the commutative ring k. For calculations in this paper
k = R. Let g act on itself via the adjoint representation. For g ∈ g, the linear map
adg : g→ g is given by
g · x := adg(x) = [g, x], x ∈ g.
Then HL∗(g; g) is the cohomology of the cochain complex CL∗(g; g):
Homk(k, g)
δ
−→ Homk(g, g)
δ
−→ Homk(g
⊗2, g)
δ
−→ Homk(g
⊗3, g)
δ
−→
. . .
δ
−→ Homk(g
⊗n, g)
δ
−→ Homk(g
⊗(n+1), g)
δ
−→ . . . .
(1.2)
For f : g⊗n → g, δf : g⊗(n+1) → g is given by
(δf)(g1 ⊗ g2 ⊗ . . .⊗ gn+1) =
n+1∑
i=1
(−1)igi · f(g1 ⊗ g2 ⊗ . . . ĝi . . .⊗ gn+1)
+
∑
1≤i<j≤n+1
(−1)jf(g1 ⊗ . . .⊗ gi−1 ⊗ [gi, gj]⊗ gi+1 ⊗ . . . ĝj . . .⊗ gn+1).
(1.3)
In the next section we study δ∇ for the Levi-Civita connection∇ on a differentiable
manifold. In § 3 we outline the Pirahsvili spectral sequence [12] adapted for Leibniz
cohomology with coefficients in a g-module. In § 4 we identify certain so(n) invariant
cochains needed for the calculation ofHL∗(hn; hn), which appears in the final section.
2. The Coboundary of the Levi-Civita Connection
Let M be an n-dimensional Riemannian manifold, U ⊆ M an open subset of M
and x : Rn
∼=
−→ U a chart in the C∞-structure on M . Then ∂
∂xi
, i = 1, 2, . . . ,
n are local vector fields on U with [ ∂
∂xi
, ∂
∂xj
] = 0. Let χ(M) be the Lie algebra
of all (differentiable) vector fields on M . The Levi-Civita connection is the unique
affine connection on M that is symmetric and compatible with the Riemannian
metric [3, Theorem 3.6]. For a symmetric connection ∇ and X , Y ∈ χ(M), we
have ∇X(Y ) − ∇Y (X) = [X, Y ], and it follows that ∇ ∂
∂xi
( ∂
∂xj
) = ∇ ∂
∂xj
( ∂
∂xi
). Let
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∇(X ⊗ Y ) = ∇X(Y ). In general, for any affine connection on M and X1, X2,
X3 ∈ χ(M), from Equation (1.3), we have
δ∇(X1 ⊗X2 ⊗X3) =− [X1, ∇X2(X3)] + [X2, ∇X1(X3)]− [X3, ∇X1(X2)]
+∇[X1, X2](X3)−∇[X1, X3](X2)−∇X1([X2, X3]).
(2.1)
Lemma 2.1. On Euclidean R1 let d
dx
be the canonical unit vector field for the identity
chart. Let X1 = f1
d
dx
, X2 = f2
d
dx
, X3 = f3
d
dx
be vector fields, where f1, f2, f3 : R→
R are C∞ functions. Let ∇ be the Levi-Civita connection. Then
(2.2) δ∇
(
f1
d
dx
⊗ f2
d
dx
⊗ f3
d
dx
)
=
(
f ′1f2f
′
3 − f1f
′
2f
′
3 − f1f2f
′′
3
) d
dx
,
where the latter can be interpreted as a certain alternating sum of terms in (f1f2f
′
3)
′.
Proof. On Euclidean space, we have
∇
f
d
dx
(g d
dx
) = fg′ d
dx
, [f d
dx
, g d
dx
] = (fg′ − gf ′) d
dx
.
The proof now follows from Equation (2.1) and combining terms. 
Thus, on R1, δ∇( d
dx
⊗ d
dx
⊗ f d
dx
) = −f ′′ d
dx
. We moving to R2 or to Rn in general,
we recover the Laplacian of f when used as a coefficient function on the third vector
field.
Lemma 2.2. On Euclidean R2, let ∂
∂x
= ∂
∂x1
and ∂
∂y
= ∂
∂x2
for the identity chart.
Let ∇ be the Levi-Civita connection and let Z = c1
∂
∂x
+ c2
∂
∂y
, where c1, c2 ∈ R. Then
δ∇
(
( ∂
∂x
⊗ ∂
∂x
+ ∂
∂y
⊗ ∂
∂y
)⊗ fZ
)
= −(fxx + fyy)Z.
Proof. The proof follows from Lemma (2.1) or a direct calculation from the definition
of δ. 
The above lemma clearly generalizes to Rn.
For an arbitrary Riemannian manifold M , the curvature of an affine connection ∇
is given by R : χ(M)⊗3 → χ(M), where for X , Y , Z ∈ χ(M),
R(X ⊗ Y ⊗ Z) = −∇X∇Y (Z) +∇Y∇X(Z) +∇[X,Y ](Z),
using do Carmo’s sign convention [3, Ch.4.2].
Lemma 2.3. In a local chart U ⊆ M , let ∂
∂x
= ∂
∂xi
for some fixed i. Let Z ∈ χ(M)
be any differentiable vector field. For the Levi-Civita connection ∇, we have
δ∇( ∂
∂x
⊗ ∂
∂x
⊗ Z) = −R( ∂
∂x
⊗ Z ⊗ ∂
∂x
)−∇ ∂
∂x
∇ ∂
∂x
(Z) +∇∇ ∂
∂x
( ∂
∂x
)(Z).
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Proof.
δ∇( ∂
∂x
⊗ ∂
∂x
⊗ Z) = −[Z, ∇ ∂
∂x
( ∂
∂x
)]−∇([ ∂
∂x
, Z]⊗ ∂
∂x
)−∇( ∂
∂x
⊗ [ ∂
∂x
, Z])
= −∇Z∇ ∂
∂x
( ∂
∂x
) +∇∇ ∂
∂x
( ∂
∂x
)(Z)−∇[ ∂
∂x
, Z](
∂
∂x
)−∇ ∂
∂x
([ ∂
∂x
, Z])
= −∇Z∇ ∂
∂x
( ∂
∂x
) +∇ ∂
∂x
∇Z(
∂
∂x
)−∇[ ∂
∂x
, Z](
∂
∂x
)−∇ ∂
∂x
∇ ∂
∂x
(Z) +∇∇ ∂
∂x
( ∂
∂x
)(Z)
= −R( ∂
∂x
⊗ Z ⊗ ∂
∂x
)−∇ ∂
∂x
∇ ∂
∂x
(Z) +∇∇ ∂
∂x
( ∂
∂x
)(Z).

Corollary 2.4. Let (x, U) be a coordinate chart for the n-dimensional Riemannian
manifold M , let Z ∈ χ(M), and let ∇ be the Levi-Civita connection on M . Then
δ∇
( n∑
i=1
∂
∂xi
⊗ ∂
∂xi
⊗ Z
)
=
−
n∑
i=1
R
(
∂
∂xi
⊗ Z ⊗ ∂
∂xi
)
+
n∑
i=1
(
−∇ ∂
∂xi
∇ ∂
∂xi
(Z) +∇∇ ∂
∂xi
( ∂
∂xi
)(Z)
)
.
Now,
∑n
i=1−∇ ∂
∂xi
∇ ∂
∂xi
(Z) + ∇∇ ∂
∂xi
( ∂
∂xi
)(Z) is the Laplace-Beltrami operator ap-
plied to Z. We interpret R in terms of Ricci curvature. If { ∂
∂xi
}ni=1 are orthonormal
vector fields, even on some neighborhood O with p ∈ O ⊆ U ⊆ M , and Z = ∂
∂xn
,
then
n∑
i=1
R
(
∂
∂xi
⊗ Z ⊗ ∂
∂xi
)
=
n−1∑
i=1
R
(
∂
∂xi
⊗ Z ⊗ ∂
∂xi
)
.
Let g denote the metric on M . Then by properties of the Riemannian curvature
tensor [3, Ch.4.2],
g
(
R( ∂
∂xi
⊗ Z ⊗ ∂
∂xi
), Z
)
= g
(
R(Z ⊗ ∂
∂xi
⊗ Z), ∂
∂xi
)
,
1
n− 1
n−1∑
i=1
g
(
R( ∂
∂xi
⊗ Z ⊗ ∂
∂xi
), Z
)
=
1
n− 1
n−1∑
i=1
g
(
R(Z ⊗ ∂
∂xi
⊗ Z), ∂
∂xi
)
,
where the last sum is the Ricci curvature at p in the direction Z [3, Ch.4.4].
3. The Pirashvili Spectral Sequence
In this section we outline the cohomological version of the Pirashvili spectral se-
quence [12] for computing the Leibniz cohomology of a Lie algebra g with coefficients
in a g-module V , denoted HL∗(g; V ). Suppose that both g and V are k-modules for
a commutative ring k. We use the convention that g acts on the left of V , meaning
that for g, h ∈ g and x ∈ V , we have g(hx)− h(gx) = [g, h](x). Then HL∗(g; V ) is
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the cohomology of the cochain complex CLn(g; V ) = Homk(g
⊗n, V ), n = 0, 1, 2, 3,
. . . . For f ∈ CLn(g;V ), δf ∈ CLn+1(g; V ) is given by Equation (1.3). If in Equa-
tion (1.3) the tensor product is replaced with the exterior product, then we have a
cochain complex for H∗Lie(g; V ), the Lie-algebra cohomology of g with coefficients in
V . Using Pirashvili’s grading, let pirel : g
⊗(n+2) → g∧(n+2), n ≥ 0. be the projection
pirel(g1 ⊗ g2 ⊗ . . .⊗ gn+2) = g1 ∧ g2 ∧ . . . ∧ gn+2.
There is an induced map on cohomology pi∗rel : H
∗
Lie(g; V ) → HL
∗(g; V ), and we
study the relative groups. Let
Cnrel = Coker
[
Hom(g∧(n+2), V )
pi∗
rel−→ Hom(g⊗(n+2), V )
]
, n = 0, 1, 2, . . . .
Then C∗rel is a cochain complex with cohomology denoted by H
∗
rel(g; V ). It follows
quickly that H0Lie(g;V ) ≃ HL
0(g; V ) and H1Lie(g;V ) ≃ HL
1(g; V ). For higher di-
mensions there is a long exact sequence:
0 −→ H2Lie(g; V )
pi∗
rel−→ HL2(g; V ) −→ H0rel(g; V )
crel−→ H3Lie(g; V ) −→ . . .
−→ Hnrel(g; V )
crel−→ Hn+3Lie (g; V )
pi∗
rel−→ HLn+3(g; V ) −→ Hn+1rel (g; V ) −→ . . . .
(3.1)
Above, crel is the connecting homomorphism. The Pirashvili spectral sequence arises
from a filtration of C∗rel and converges to H
∗
rel(g; V ).
First we describe H∗Lie(g; g
′), the Lie-algebra cohomology of g with coefficients in
the coadjoint representation g′ = Homk(g, k). For ϕ ∈ g
′ and g ∈ g, the left action
of g on g′ is given by
(gϕ)(x) = [x, g], x ∈ g.
ThenH∗Lie(g; g
′) is the cohomology of the complex Homk(g
∧∗, g′). In generalH∗Lie(g; g
′)
is not isomorphic to H∗Lie(g; g). However, H
∗
Lie(g; g
′) can be computed from the iso-
morphic complex Homk(g⊗g
∧∗, k), which we now describe. Define d : g⊗g∧(n+1) →
g⊗ g∧n, n = 0, 1, 2, . . . , by
d(x⊗ g1 ∧ g2 ∧ . . . ∧ gn+1) =
n+1∑
i=1
(−1)i+1[x, gi]⊗ g1 ∧ . . . ĝi . . . ∧ gn+1
+
∑
1≤i<j≤n+1
(−1)j+1x⊗ g1 ∧ . . . gi−1 ∧ [gi, gj] ∧ gi+1 . . . ĝj . . . ∧ gn+1.
The Lie-algebra homology groups HLie∗ (g; g) are computed from the complex (g ⊗
g∧∗, d). Let
d∗ : Homk(g⊗ g
∧n, k)→ Homk(g⊗ g
∧(n+1), k)
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be the Homk dual of d, and let α ∈ Homk(g
∧n, g′). There is a cochain isomorphism
Φ : Homk(g
∧n, g′)→ Homk(g⊗ g
∧n, k)
given by
Φ(α)(x⊗ g1 ∧ g2 ∧ . . . ∧ gn) = (−1)
nα(g1 ∧ g2 ∧ . . . ∧ gn)(x),
where x, g1, g2, . . . , gn ∈ g. The reader may verify that Φ(δα) = d
∗(Φα).
Lemma 3.1. When k is a field F, we have
H∗Lie(g; g
′) ≃ HomF
(
HLie∗ (g; g), F
)
.
Proof. The proof follows from the existence of Φ and the universal coefficient theo-
rem. 
Consider now the projection
piR : g⊗ g
∧(n+1) → g∧(n+2), n ≥ 0,
piR(g0 ⊗ g1 ∧ g2 ∧ . . . ∧ gn+1) = g0 ∧ g1 ∧ g2 ∧ . . . ∧ gn+1.
We work over a field F, although many constructions are valid for an arbitrary
commutative ring. Let
CRn(g) = Coker
[
HomF(g
∧(n+2), F)
pi∗
R−→ HomF(g⊗ g
∧(n+1),F)
]
.
Then CR∗(g) is a cochain complex whose cohomology is denoted HR∗(g). We have
H1Lie(g; F) ≃ H
0
Lie(g; g
′), and there is a long exact sequence
0 −→ H2Lie(g; F)
pi∗
R−→ H1Lie(g; g
′) −→ HR0(g)
cR−→ H3Lie(g; F) −→ . . .
−→ HRm(g)
cR−→ Hm+3Lie (g; F)
pi∗R−→ Hm+2Lie (g; g
′) −→ HRm+1(g) −→ . . . .
(3.2)
where cR is the connecting homomorphism. We are now ready to state the version
of the Pirashvili spectral sequence used in this paper. Compare with [11] and [12].
Theorem 3.2. Let g be a Lie algebra over a field F and let V be a left g-module.
Then there is a first-quadrant spectral sequence converging to H∗rel(g; V ) with
Em, k2 ≃ HR
m(g)⊗HLk(g; V ), m ≥ 0, k ≥ 0,
provided that HRm(g) and HLk(g; V ) are finite dimensional vector spaces in each
dimension. If this finite condition is not satisfied, then the completed tensor product
⊗̂ can be used.
Proof. We outline the key features of the construction and introduce notation that
will be used in the sequel. Let Am, k denote those elements f ∈ Hom(g⊗(k+m+2), V )
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that are skew-symmetric in the last m + 1 tensor factors of g⊗(k+m+2). Filter the
complex C∗rel by
Fm, k = Am,k/Hom(Λk+m+2(g, V )).
Then Fm, ∗ is a subcomplex of C∗rel with F
0, ∗ = C∗rel and F
m+1, ∗ ⊆ Fm, ∗. To identify
the E∗, ∗0 term, use the isomorphism
(3.3) Hom(g⊗(k+m+2), V ) ≃ Hom(g⊗(m+2), Hom(g⊗k, V ))
Then
Em, k0 = F
m,k/Fm+1, k−1
≃ Hom(g⊗ g∧(m+1)/g∧(m+2), Hom(g⊗k, V )),
and d0m,k : E
m, k
0 → E
m, k+1
0 , m ≥ 0, k ≥ 0. It follows that
Em,k1 ≃ Hom(g⊗ g
∧(m+1)/g∧(m+2), HLk(g; V )).
Now, d1m, k : E
m, k
1 → E
m+1, k. Since the action of g on HL∗(g; V ) is trival, we have
Em, k2 ≃ HR
m(g)⊗̂HLk(g; V ). Using the isomorphism (3.3), we consider an element
of Em, k2 operationally in the form HL
k(g; V )⊗̂HRm(g). 
4. Lie Algebra Cohomology
Let hn be the R Lie algebra with vector space basis given by {αij}, 1 ≤ i < j ≤ n,
union { ∂
∂xi
}, i = 1, 2, . . . , n, where αij = xi
∂
∂xj
− xj
∂
∂xi
. Then hn is an extension of
so(n), and there is a short exact sequence of Lie algebras
0 −→ Jn −→ hn −→ so(n) −→ 0,
where Jn is the Abelian Lie algebra with basis {
∂
∂xi
}, i = 1, 2, . . . , n. Clearly
hn/Jn ≃ so(n) as Lie algebras, although hn is not reductive.
For a Lie algebra g and a left g-module V over a field, let
V g = {v ∈ V | gv = 0, ∀ g ∈ g}
be the subspace of invariants. Let Vg = V/[g, V ] be the quotient space of coinvariants,
where [g, V ] is the span of all elements of the form {gv | g ∈ g, v ∈ V }. For
f ∈ Hom(g⊗n, V ) and g ∈ g, define the action of g on f by
(gf)(x1 ⊗ x2 ⊗ . . .⊗ xn) = g · f(x1 ⊗ x2 ⊗ . . .⊗ xn)
+
n∑
i=1
f(x1 ⊗ . . .⊗ xi−1 ⊗ [xi, g]⊗ xi+1 ⊗ . . .⊗ xn), xi ∈ g.
The action of g on R is always considered trivial, meaning g · c = 0, ∀ g ∈ g, ∀ c ∈ R.
The above action of g on Hom(g⊗n, V ) clearly indues an action on skew-symmetric
elements of Hom(g⊗n, V ). In this section we compute H∗Lie(hn; R), H
∗
Lie(hn; hn), and
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H∗Lie(hn; h
′
n) by applying the Hochschild-Serre spectral sequence [7] and identifying
certain so(n)-invariant cochains. The calculations for HR∗(hn) follow from exact
sequence (3.2).
Lemma 4.1. For n ≥ 3, there are isomorphisms in Lie-algebra cohomology
H∗Lie(hn; R) ≃ H
∗
Lie(so(n); R)⊗
[
H∗Lie(Jn; R)
]so(n)
H∗Lie(hn; hn) ≃ H
∗
Lie(so(n); R)⊗
[
H∗Lie(Jn; hn)
]so(n)
H∗Lie(hn; h
′
n) ≃ H
∗
Lie(so(n); R)⊗
[
H∗Lie(Jn; h
′
n)
]so(n)
Proof. The proof follows by applying the Hochschild-Serre spectral sequence [7] to
the ideal Jn of hn and using the isomorphism of Lie algebras hn/Jn ≃ so(n). 
Now [H∗Lie(Jn; R)]
so(n) is the cohomology of the cocahin complex[
Hom(J∧∗n , R)
]so(n)
≃ Hom((J∧∗n )so(n), R) ≃ Hom((J
∧∗
n )
so(n), R).
From [1] or by a direct calculation
(J∧kn )
so(n) =


R k = 0
〈 ∂
∂x1
∧ ∂
∂x2
∧ . . . ∧ ∂
∂xn
〉 k = n
0 otherwise.
Let dxi be the element of Hom(hn, R) dual to
∂
∂xi
with respect to the basis {αij} ∪
{ ∂
∂xi
} of hn.
Lemma 4.2. For n ≥ 3,
H∗Lie(hn; R) ≃ H
∗
Lie(so(n); R)⊕
(
H∗Lie(so(n); R)⊗ 〈v
∗
n〉
)
,
where v∗n = dx
1 ∧ dx2 ∧ . . . ∧ dxn.
Likewise [H∗Lie(Jn; h
′
n)]
so(n) is the cohomology of the cochain complex[
Hom(hn ⊗ J
∧∗
n , R)
]so(n)
≃ Hom((hn ⊗ J
∧∗
n )so(n), R) ≃ Hom((hn ⊗ J
∧∗
n )
so(n), R).
Now, (hn ⊗ J
∧∗
n )
so(n) ≃ (Jn ⊗ J
∧∗
n )
so(n) ⊕ (so(n)⊗ J∧∗n )
so(n). From [1], we have
(Jn ⊗ J
∧k
n )
so(n) ≃


〈gn〉 k = 1
〈wn〉 k = n− 1
0 otherwise,
where gn =
∑n
i=1
∂
∂xi
⊗ ∂
∂xi
, and
wn =
n∑
i=1
(−1)i−1 ∂
∂xi
⊗ ∂
∂x1
∧ ∂
∂x2
∧ . . . ∂̂
∂xi
. . . ∧ ∂
∂xn
.
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Let g∗n =
∑n
i=1 dx
i ⊗ dxi, w∗n =
∑n
i=1(−1)
n−1dxi ⊗ dx1 ∧ dx2 ∧ . . . d̂xi . . . ∧ dxn. Also
from [1]
(so(n)⊗ J∧kn )
so(n) ≃


〈sn〉 k = 2
〈γn〉 k = n− 2
0 otherwise,
where sn =
∑
1≤i<j≤n αij ⊗
∂
∂xi
∧ ∂
∂xj
, and
γn =
∑
1≤i<j≤n
(−1)i+j−1αij ⊗
∂
∂x1
∧ ∂
∂x2
∧ . . . ∂̂
∂xi
. . . ∂̂
∂xj
. . . ∧ ∂
∂xn
.
Let s∗n =
∑
1≤i<j≤n α
∗
ij ⊗ dx
i ∧ dxj , and
γ∗n =
∑
1≤i<j≤n
α∗ij ⊗ dx
1 ∧ dx2 . . . d̂xi . . . d̂xj . . . ∧ dxn.
In the cochain complex (Hom((hn⊗J
∗
n)
so(n), R), δ), we have δ(g∗n) = −2s
∗
n, δ(γ
∗
n) = 0,
δ(w∗n) = 0.
Lemma 4.3. For n ≥ 3, H∗Lie(Jn; h
′
n) ≃ H
∗
Lie(so(n); R)⊗ 〈γ
∗
n, w
∗
n〉.
In the long exact sequence (3.2), the map pi∗R : H
∗
Lie(hn; R) → H
∗
Lie(hn; h
′
n) sends
H∗Lie(so(n);R)⊗ 〈v
∗
n〉 to H
∗
Lie(so(n);R)⊗ 〈w
∗
n〉. It follows that
Lemma 4.4. For m ≥ 0,
HRm(hn) ≃ H
m+3
Lie (so(n); R)⊕
(
Hm+3−nLie (so(n); R)⊗ 〈γ
∗
n〉
)
,
where cR[HR
m(hn)] = H
m+3(so(n);R) and
Hm+3−nLie (so(n); R)⊗ 〈γ
∗
n〉 ⊆ Im[H
m+1
Lie (hn; h
′
n)→ HR
m(hn)]
in exact sequence (3.2).
To compute H∗Lie(hn; hn), we must first identify Hom(J
∧∗
n , hn)
so(n).
Lemma 4.5. Let ϕ ∈ Hom(J∧kn , hn) and z =
∂
∂xi1
∧ ∂
∂xi2
∧ . . . ∧ ∂
∂xik
. There is an
so(n)-equivariant isomorphism
Φ : Hom(J∧kn , hn)→ J
∧k
n ⊗ hn given by Φ(ϕ) =
∑
i1<i2<...<ik
z ⊗ ϕ(z).
Proof. The proof is a simple calculation. 
Thus, [Hom(J∧kn , hn)]
so(n) ≃ (J∧kn ⊗ hn)
so(n) ≃ (hn ⊗ J
∧k
n )
so(n), and the latter are
discussed earlier in this section.
By identification of invariants under Φ, we have
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Lemma 4.6. The invariants of [Hom(J∧∗n , hn)]
so(n), n ≥ 3, are given by
I ∈ Hom(Jn, hn), ρ ∈ Hom(J
∧2
n , hn),
Γ ∈ Hom(J∧(n−2)n , hn), µ ∈ Hom(J
∧(n−1)
n , hn),
where I( ∂
∂xi
) = ∂
∂xi
, i = 1, 2, . . . , n, ρ( ∂
∂xi
∧ ∂
∂xj
) = αij
Γ( ∂
∂x1
∧ ∂
∂x2
∧ . . . ∂̂
∂xi
. . . ∂̂
∂xj
. . . ∧ ∂
∂xn
) = (−1)i+j−1αij
µ( ∂
∂x1
∧ ∂
∂x2
∧ . . . ∂̂
∂xj
. . . ∧ ∂
∂xn
) = (−1)j−1 ∂
∂xj
.
Now, δI = 0, δρ = 0, and δΓ = (n− 1)(−1)n−1µ.
Lemma 4.7. For n ≥ 3, H∗Lie(hn; hn) ≃ 〈I, ρ〉 ⊗H
∗
Lie(so(n); R).
Note that I : Jn → hn may be extended to I : hn → hn by requiring that
I(αij) = 0. Also, ρ : J
∧2
n → hn may be extended to ρ : h
∧2
n → hn by requiring that
ρ(g1 ∧ g2) = 0 if either gi ∈ so(n). Any element θ ∈ H
k
Lie(so(n);R) is represented by
an so(n)-invariant cocycle θ : (so(n))∧k → R that can be extended to θ : h∧kn → R
by requiring that θ(h1 ∧ h2 ∧ . . .∧ hn) = 0 if any hi ∈ Jn. Under the isomorphism of
the Hochschild-Serre spectral sequence, I ⊗ θ and ρ ⊗ θ correspond to the cocycles
I∧θ : h
∧(k+1)
n → hn and ρ∧θ : h
∧(k+2)
n → hn respectively, where I∧θ and ρ∧θ represent
the shuffle product. For completeness, we close this section with a statement about
H∗Lie(so(n); R), although the specific elements in H
∗
Lie(so(n); R) do not survive to
HL∗(hn; hn). From [8], we have
Theorem 4.8. Let n ≥ 3. For n odd,
H∗Lie(so(n); R) ≃ Λ[{x4i−1 | 0 < 2i < n}].
For n even,
H∗Lie(so(n); R) ≃ Λ[{x4i−1 | 0 < 2i < n}]⊗ Λ[{yn−1}].
5. Leibniz Cohomology with Adjoint Coefficients
In this section we compute HL∗(hn; hn) for the affine extension hn of so(n). In
low dimensions, we have
HL0(hn; hn) ≃ H
0
Lie(hn; hn) ≃ (hn)
so(n) ≃ {0}
HL1(hn; hn) ≃ H
1
Lie(hn; hn) ≃ 〈I〉
HL2(hn; hn) ≃ H
2
Lie(hn; hn) ≃ 〈ρ〉,
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where I : hn → hn and ρ : h
∧2
n → hn and given in the previous section. We can
consider ρ : hn ⊗ hn → hn as given by ρ(
∂
∂xi
⊗ ∂
∂xj
) = αij, for i = 1, 2, . . . , n, and
j = 1, 2, . . . , n.
Theorem 5.1. For n ≥ 3, HL∗(hn; hn) ≃ 〈I, ρ〉⊗T (γ
∗), where T (γ∗) :=
∑
q≥0〈γ
∗〉⊗q
is the tensor algebra on the class of
γ∗n =
∑
1≤i<j≤n
(−1)i+j−1α∗ij ⊗ dx
1 ∧ dx2 ∧ . . . d̂xi . . . d̂xj . . . ∧ dxn.
Proof. The proof follows from exact sequence (3.1), the Pirashvili spectral sequence,
and an inductive argument on q. In our case this spectral sequence converges to
H∗rel(hn; hn) with E2 term given by
Em, k2 ≃ HR
m(hn)⊗HL
k(hn; hn), m ≥ 0, k ≥ 0.
Recall that the vector spaces HRm(hn) are calculated in Lemma (4.4). We begin
wth γ∗n ∈ HR
n−3(hn). Now,
δ(I ⊗ γ∗n)(g1 ⊗ g2 ⊗ . . .⊗ gn+1) = (δI)⊗ γ
∗
n − I ⊗ (δγ
∗
n)+
n+1∑
i=3
(−1)i(giI)(g1) γ
∗
n(g2 ⊗ g3 ⊗ . . . ĝi . . .⊗ gn+1).
Since I is an so(n)-invariant as well as an Jn-invariant, we have giI = 0 for all gi ∈ hn.
Thus, δ(I ⊗ γ∗n) = 0, and I ⊗ γ
∗
n is an absolute cocycle in both C
n−2
rel (hn; hn) and
CLn(hn; hn). Since crel(I ⊗ γ
∗
n) = [δ(I ⊗ γ
∗
n)] = 0 in H
n+1
Lie (hn; hn), I ⊗ γ
∗
n represents
an element in HLn(hn; hn). Also,
δ(ρ⊗ γ∗n)(g1 ⊗ g2 ⊗ . . .⊗ gn+2) = (δρ)⊗ γ
∗
n + ρ⊗ (δγ
∗
n)+
n+2∑
i=4
(−1)i(giρ)(g1 ⊗ g2) γ
∗
n(g3 ⊗ g4 ⊗ . . . ĝi . . .⊗ gn+2).
(5.1)
Clearly, δρ = 0 and δγ∗n = 0. In the last summand in equation (5.1) above, the γ
∗
n
term is zero unless g3 ∈ so(n) and gi ∈ Jn, i ≥ 4. Since d2(ρ⊗γ
∗
n) ∈ Fn−1, d2(ρ⊗γ
∗
n)
is skew-symmetric in g3 and g4. But every term of γ
∗
n(g4 ⊗ g3 ⊗ . . . ĝi . . . gn+2) would
then be zero. Thus, d2(ρ⊗γ
∗
n) = 0. The same argument applies to higher differentials
such as d3(ρ⊗ γ
∗
n) ∈ Fn. Thus ρ ⊗ γ
∗
n correspons to a class in H
n+1
rel (hn; hn). Skew-
symmetrization considerations of γ∗n also lead to crel(ρ ⊗ γ
∗
n) = [δ(ρ ⊗ γ
∗
n)] = 0 in
Hn+2Lie (hn; hn). Thus, ρ⊗ γ
∗
n corresponds to a class in HL
n+1(hn; hn).
Consider θ′ ∈ HRm(hn) with cR(θ
′) = θ ∈ Hm+3Lie (so(n); R). Then
δ(I ⊗ θ′) = −I ⊗ (δθ′) = −I ⊗ cR(θ
′) = −I ⊗ θ.
From the Hochschild-Serre spectral sequence, it follows that [I⊗θ] = [I∧θ] represents
a non-zero class in H∗Lie(hn; hn). Now, pi
∗
rel([I ⊗ θ]) = 0 in exact sequence (3.1), since
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I ⊗ θ is a coboundary in CL∗(hn; hn). Thus, I ⊗ θ
′ represents a non-zero element in
H∗rel(hn; hn) with
Crel([I ⊗ θ
′]) = [δ(I ⊗ θ′)] = [−I ⊗ θ].
Now,
δ(ρ⊗ θ′)(g1 ⊗ g2 ⊗ . . .⊗ gm+5) = ρ⊗ (δθ
′)+
m+5∑
j=4
(−1)j(giρ)(g1 ⊗ g2) θ
′(g3 ⊗ g4 ⊗ . . . gˆj . . .⊗ gm+5)
(5.2)
The element θ′ ∈ HRm(hn) can be chosen so that θ
′(y1⊗ y2⊗ . . .⊗ ym+2) = 0 if any
yi ∈ Jn, while ρ is an so(n)-invariant. Suppose then that gj ∈ Jn for one and only
one j ∈ {4, 5, . . . , m + 5}. We have ρ ⊗ θ′ ∈ Fm and d2(ρ ⊗ θ
′) ∈ Fm+2. Clearly,
δ(θ′) = θ is already skew-symmetric in g3, g4, . . . , gm+5 in equation (5.2). Thus, for
d2(ρ⊗ θ
′), we must have
(gjρ)(g1 ⊗ g2) θ
′(g3 ⊗ g4 ⊗ . . . ĝj . . .⊗ gm+5) =
± (g3ρ)(g1 ⊗ g2) θ
′(gj ⊗ g4 ⊗ . . . ĝj . . .⊗ gm+5) = 0,
since g3 ∈ so(n) and ρ is an so(n)-invariant. Also,
d3(ρ⊗ θ
′) ∈ HL0(hn; hn)⊗HR
m+3(hn) = {0}.
Thus, ρ⊗ θ′ represents an element in Hm+2rel (hn; hn) and
crel([ρ⊗ θ
′]) = [δ(ρ⊗ θ′)] = [ρ⊗ θ] = [ρ ∧ θ]
in Hm+5Lie (hn; hn).
Consider
(I ⊗ γ∗n)⊗ θ
′ ∈ HLn(hn; hn)⊗HR
m(hn) ⊆ E
m,n
2
with cR(θ
′) = θ ∈ Hm+3Lie (so(n); R). Then
δ
(
(I ⊗ γ∗n)⊗ θ
′
)
(g1 ⊗ . . .⊗ gn+m+3) = (−1)
n(I ⊗ γ∗n)⊗ (δθ
′)+
n+m+3∑
j=n+2
(−1)j
(
gj(I ⊗ γ
∗
n)
)
(g1 ⊗ . . .⊗ gn) θ
′(gn+1 ⊗ . . . ĝj . . .⊗ gn+m+3).
Now, I is an hn-invariant, and it can be checked that γ
∗
n is as well. Thus, I ⊗ γ
∗
n is
an hn-invariant and gj(I ⊗ γ
∗
n) = 0 for all gj ∈ hn. Thus,
δ
(
(I ⊗ γ∗n)⊗ θ
′
)
= (−1)n(I ⊗ γ∗n)⊗ θ
= (−1)nI ⊗ (γ∗n ⊗ θ) ∈ HL
1(hn; hn)⊗HR
n+m(hn).
In the Pirashvili spectral sequence, dn((I ⊗ γ
∗
n)⊗ θ
′) = I ⊗ (γ∗n ⊗ θ).
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Now consider an so(n)-invariant representation for the cohomology class corre-
sponding to [ρ ⊗ γ∗n] ∈ HL
n+1(hn; hn). Let θ
′ ∈ HRm(hn) with cR(θ
′) = θ ∈
Hm+3Lie (so(n); R). By a skew symmetry argument as before, we have
dn
(
(ρ⊗ γ∗n)⊗ θ
′
)
= ρ⊗ (γ∗n ⊗ θ)
in the Pirashvili spectral sequence. For
[ρ⊗ γ∗n]⊗ γ
∗
n ∈ HL
n+1(hn; hn)⊗HR
n−3(hn) ⊆ E
n−3, n+1
2 ,
we have
δ([ρ⊗ γ∗n]⊗ γ
∗
n)(g1 ⊗ . . .⊗ g2n+1) = δ([ρ⊗ γ
∗
n])⊗ γ
∗
n + (−1)
n+1[ρ⊗ γ∗n]⊗ (δγ
∗
n)+
2n+1∑
j=n+3
(
gj[ρ⊗ γ
∗
n](g1 ⊗ . . .⊗ gn+1)
)
γ∗n(gn+2 ⊗ . . . ĝj . . .⊗ g2n+1) =
2n+1∑
j=n+3
(
gj[ρ⊗ γ
∗
n](g1 ⊗ . . .⊗ gn+1)
)
γ∗n(gn+2 ⊗ . . . ĝj . . .⊗ g2n+1).
Since d2([ρ ⊗ γ
∗
n]⊗ γ
∗
n) ∈ Fn−1, d2([ρ⊗ γ
∗
n]⊗ γ
∗
n) is skew-symmetric in the variables
gn+2, gn+3, . . . , g2n+1. By a similar argument used for ρ⊗γ
∗
n, we have that [ρ⊗γ
∗
n]⊗γ
∗
n
corresponds to an element in HL2n(hn; hn).
For [I ⊗ γ∗n] ∈ HL
n(hn; hn) and γ
∗
n ∈ HR
n−3(hn), we have
δ([I ⊗ γ∗n]⊗ γ
∗
n)(g1 ⊗ . . .⊗ g2n) = δ(I ⊗ γ
∗
n)⊗ γ
∗
n + (−1)
n(I ⊗ γ∗n)⊗ (δγ
∗
n)+
2n∑
j=n+2
(−1)j
(
gj(I ⊗ γ
∗
n)
)
(g1 ⊗ . . .⊗ gn) γ
∗
n(gn+1 ⊗ . . . ĝj . . . g2n) = 0,
since I⊗γ∗n is an hn-invariant. Thus, (I⊗γ
∗
n)⊗γ
∗
n represents a class inHL
2n−1(hn; hn).
By induction on q, HL∗(hn; hn) is the direct sum of vector spaces 〈I, ρ〉 ⊗ (γ
∗
n)
⊗q.
We conclude that
HL∗(hn; hn) ≃ 〈I, ρ〉 ⊗ T (γ
∗
n).

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